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Abstract
I present one-loop level calculations of the Isgur-Wise functions for B →
D(∗)eν, of the matrix elements of isovector twist-2 operators in B and D
mesons, and the matrix elements for the radiative decays D∗ → Dγ in par-
tially quenched heavy quark chiral perturbation theory. Such expressions are
required in order to extrapolate from the light quark masses used in lattice
simulations of the foreseeable future to those of nature.
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I. INTRODUCTION
In order to extract fundamental quantities from systems containing heavy quarks, such as
the weak mixing angles Vbc and Vbu, the strong interaction contributions to the observable of
interest must be determined. This is because the standard model of electroweak interactions
is constructed in terms of quarks, gluons and leptons, while we are only able to study the
quarks via the properties of the hadrons within which they are confined. Significant progress
was made in eliminating the strong interaction uncertainties in some matrix elements in
hadrons containing one or more heavy quarks in the late eighties with the discovery of
the heavy quark symmetries [1], and the formulation of heavy quark effective theory [2].
Ultimately, such strong interaction effects will be directly computable from numerical lattice
QCD simulations, however, at this point in time, and in the foreseeable future, lattice
simulations will not be performed with the physical values of the light-quark masses, mq.
In order to make a connection between the lattice simulations and nature, an extrapolation
from the lattice quark masses to those of nature is required. One can most efficiently
perform the extrapolation for many observables using simulations of partially quenched
QCD (PQQCD) matched to partially quenched chiral perturbation theory (PQχPT) [3–9].
Some observables have been analyzed with PQχPT in the light pseudo-scalar meson sector,
such as decay constants and masses [5]. Further, the decay constants and B-parameters for
mesons containing a single heavy quark have been computed [4]. In this work we present the
one-loop analysis in PQχPT of the Isgur-Wise function for B → D(∗) decays, of the matrix
elements of isovector twist-2 operators that are directly related to moments of the parton
distribution functions, and of the radiative decays D∗ → Dγ.
II. PQQCD
We will consider a theory constructed from three valence-quarks, u, d, s, three-sea quarks
j, l, r and three bosonic-quarks u˜, d˜, s˜. The masses of the bosonic-quarks are equal to those
of the valence-quarks, m,m,ms respectively, where we have chosen to work in the isospin
limit. The sea-quarks are taken to be degenerate with mass mj . The valence-, sea-, and
bosonic-quarks are combined into column vectors
QL =
(
u, d, s, j, l, r, u˜, d˜, s˜
)T
L
, QR =
(
u, d, s, j, l, r, u˜, d˜, s˜
)T
R
, (1)
which transform in the fundamental representation of SU(6|3)L,R respectively. The ground
floor of QL transforms as a (6, 1) of SU(6)qL ⊗ SU(3)q˜L while the first floor transforms as
(1, 3). The right handed field QR transforms analogously. The PQQCD Lagrange density
is invariant under SU(6|3)L ⊗ SU(6|3)R chiral transformations, and in direct analogy with
QCD a chiral Lagrangian can be constructed to describe the low-energy dynamics of the low
lying hadrons.
The low-energy QCD dynamics of hadrons containing a single heavy quark are described
by a chiral lagrangian that has the heavy quark spin symmetry and flavor symmetry man-
ifest [10,11]. The extension of the heavy quark chiral Lagrange density to describe heavy
quark systems in PQQCD can be found in Ref. [4]. The dynamics of the pseudo-scalar
mesons are described at leading order by a Lagrange density of the form,
2
L = f
2
8
str
[
∂µΣ†∂µΣ
]
+ λ str
[
mQΣ
† +mQΣ
]
+ αΦ∂
µΦ0∂µΦ0 − m20Φ20 , (2)
where the meson field is incorporated in Σ via
Σ = exp
(
2 i Φ
f
)
= ξ2 , Φ =
(
M χ†
χ M˜
)
, (3)
where M and M˜ are matrices containing bosonic mesons while χ and χ† are matrices con-
taining fermionic mesons, with
M =


ηu π
+ K+ J0 L+ R+
π− ηd K
0 J− L0 R0
K− K
0
ηs J
−
s L
0
s R
0
s
J
0
J+ J+s ηj Y
+
jl Y
+
jr
L− L
0
Ls
0
Y −jl ηl Y
0
lr
R− R
0
Rs
0
Y −jr Y
0
lr ηr


, M˜ =


η˜u π˜
+ K˜+
π˜− η˜d K˜
0
K˜−
˜
K
0
η˜s


χ =

 χηu χpi
+ χK+ χJ0 χL+ χR+
χpi− χηd χK0 χJ− χL0 χR0
χK− χK0 χηs χJ−s χL0s χR0s

 . (4)
where the upper 3 × 3 block of M is the usual octet of pseudo-scalar mesons while the
remaining entries correspond to mesons formed with the sea-quarks. The singlet field is
defined to be Φ0 = str ( Φ ) /
√
2, and its mass m0 can be taken to be of order the scale of
chiral symmetry breaking, m0 → Λχ [9]. The super mass matrix, mQ, is
mQ = diag (m,m,ms, mj, mj , mj , m,m,ms) , (5)
where we will work in the limit of exact isospin symmetry. The convention we use corresponds
to f ∼ 132 MeV.
The B-mesons with quantum numbers of bQ form a nine-component vector,
B = (Bu, Bd, Bs, Bj, Bl, Br, Bu˜, Bd˜, Bs˜) , (6)
and heavy quark spin symmetry (for a comprehensive review see Ref. [16]) is implemented
by combining the annihilation operators for the B and B∗ mesons together into the field Hv
Hv =
1
2
(1 + v/) [ γαB∗α + iγ5B ] , (7)
where Hv → HvV † under SU(3) flavor transformations and Hv → SbHv under heavy quark
spin transformations. The four-vector vµ is the four-velocity of the heavy meson. The low-
momentum strong interaction dynamics of the heavy mesons are described by a Lagrange
density of the form [4],
L = −iTr
[
Hvv
µ (∂µHv + iHvVµ)
]
− gpiTr
[
HvHvγ
νγ5Aν
]
, (8)
where
3
Hv = γ
0H†vγ
0 =
[
γαB∗†α + iγ5B
†
] 1
2
(1 + v/) , (9)
and where the light-meson fields are
Aµ =
1
2
(
ξ∂µξ
† − ξ†∂µξ
)
, Vµ =
1
2
(
ξ∂µξ
† + ξ†∂µξ
)
. (10)
The Tr [ ]’s in eq. (8) correspond to traces over Dirac indices, and implicit in eq. (8) are
str [ ]’s over the flavor indices. Couplings to Φ0 [4], such as str [ Aµ ], have not been included
as the Φ0 will be integrated out of the theory, and such contributions will be included via
higher dimension local operators. The axial coupling constant gpi has been constrained to be
gpi ∼ 0.56 [12] (or gpi = 0.24) by the radiative decays D∗ → Dγ 1, and recent quenched lattice
simulations yield gpi ∼ 0.42 [14,15]. The low-momentum strong interaction dynamics of D(∗)
mesons are described in an analogous way, with heavy quark flavor symmetry dictating
that the axial coupling, gpi, for the B’s and D’s is the same. Further, the dynamics of the
anti-heavy mesons can be described in analogous way [4].
III. DECAY CONSTANTS
The heavy meson decay constants, such as fBu , have been analyzed at the one-loop level
in PQχPT by Sharpe and Zhang [4]. Their analysis provides a very clear demonstration of
the implementation of PQQCD and PQχPT, and it is worth reviewing their results.
The decay constants of the heavy mesons are defined via the matrix element
〈0|qγµ(1− γ5)b|Bq(v)〉 = −i fBq mB vµ . (11)
In the heavy meson effective field theory, this matrix element receives contributions from
both tree-level operators and from diagrams involving light-meson loops. Up to O (mq), the
local operators that contribute are
Laµ = −
κ
2
Tr
[
γµ(1− γ5)Hvξ†na
]
− C1(Λ)
2
Tr
[
γµ(1− γ5)HvM+ξ†na
]
− C2(Λ)
2
Tr
[
γµ(1− γ5)Hvξ†M+na
]
− C3(Λ)
2
Tr
[
γµ(1− γ5)Hvξ†na
]
str [ M+ ] , (12)
where na is a column vector that picks out the light quark associated with the de-
sired current, Λ is the renormalization scale, and M+ is related to the mass matrix via
M± = 12
(
ξmQξ ± ξ†mQξ†
)
. At leading order one finds that fBq = κ/
√
mBq . At O (mq) in
PQχPT the decay constants are [4]
√
mBq f
PQ
Bq
= κ
[
1 − 1 + 3g
2
pi
32π2f 2
(
3m2jq log
m2jq
Λ2
− 1
3
(2m2qq −m2jj) log
m2qq
Λ2
)]
+
(
C
(R)
1 (Λ) + C
(R)
2 (Λ)
)
mq + 3C
(R)
3 (Λ) mj , (13)
1A more detailed study [13] gives gpi ∼ 0.76 ± 0.2 or gpi ∼ 0.27 ± 0.07.
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where mqq, mjj and mjq are the masses of light mesons with quark composition qq, jj
and jq respectively. The C
(R)
i (Λ) are renormalized constants where both divergences and
terms that are analytic in mq have been absorbed. The expression in eq. (13) holds for all
q = u, d, s, j, l, r, and agrees with the expression in Ref. [4] when there are three sea quarks,
Nf = 3. Lattice simulations of fBu,d,s and fBj at various values of the sea-quark masses, mj ,
and various values of the valence masses will allow for the determination of the quantities
κ, C
(R)
3 (Λ) and the combination C
(R)
1 (Λ) + C
(R)
2 (Λ). As these counterterms have the same
value in QCD and PQQCD, their values can be inserted into the QCD expressions for the
decay constants [4,17]
√
mBu fBu = κ
[
1 − 1 + 3g
2
pi
32π2f 2
(
3
2
m2pi log
m2pi
Λ2
+m2K log
m2K
Λ2
+
1
6
m2η log
m2η
Λ2
)]
+
(
C
(R)
1 (Λ) + C
(R)
2 (Λ)
)
m + C
(R)
3 (Λ) (2m+ms)
√
mBs fBs = κ
[
1 − 1 + 3g
2
pi
32π2f 2
(
2m2K log
m2K
Λ2
+
2
3
m2η log
m2η
Λ2
)]
+
(
C
(R)
1 (Λ) + C
(R)
2 (Λ)
)
ms + C
(R)
3 (Λ) (2m+ms) . (14)
IV. CHIRAL 1/M2C CORRECTIONS TO B → D(∗) AT ZERO RECOIL
The matrix elements for the semileptonic decays B → Deν and B → D∗eν at zero-recoil
are normalized to unity in the heavy quark limit [1]. Further, there are no corrections at
zero-recoil of the form 1/mc,b by Luke’s theorem [18], and the leading corrections in the heavy
quark expansion enter at 1/m2c . In addition to contributions from perturbative insertions
of local operators in the heavy quark Lagrange density, there are also contributions that
receive infrared enhancements from long-distance strong-interactions processes. The largest
contribution of this type is from the one-loop diagrams shown in fig. 1 in which the D∗−D
mass-splitting is explicitly retained in the D(∗) propagator [19]. Recently, quenched lattice
QCD simulations of the B → D(∗) form factors have been performed [20,21] but the light-
quark mass dependence of the results has yet to be ascertained..
The hadronic matrix elements for B → D(∗)eν are
〈D(v′)|cγµb|B(v)〉 = √mBmD [ h+(w)(v + v′)µ + h−(w)(v − v′)µ ]
〈D∗(v′, ǫ)|cγµγ5b|B(v)〉 = √mBmD∗ [ −ihA1(w)(w + 1)ǫ∗µ + ihA2(w)(v · ǫ∗)vµ
+ihA3(w)(v · ǫ∗)v′µ ]
〈D∗(v′, ǫ)|cγµb|B(v)〉 = √mBmD∗ hV (w)εµναβǫ∗νv′αvβ , (15)
where vµ is the four-velocity of the initial-state B-meson, v
′
µ is the four-velocity of the final-
state D(∗)-meson, w = v · v′ and h±, hV and hA1,2,3 are the six independent form factors
that contribute. In the heavy quark limit h−(w) = hA2(w) = 0 and h+(w) = hV (w) =
hA1,3(w) = ξ(w) where ξ(w) is the universal function for the B
(∗) → D(∗) decays known
as the Isgur-Wise function. The matrix element is reproduced in the heavy meson chiral
lagrangian by an operator of the form
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( ) D*( )
(c)
(b)
FIG. 1. One-loop diagrams that contribute to the matrix elements for B → D(∗). The solid
lines denote mesons containing a heavy quark, while the dashed lines denote light mesons. The
solid square corresponds to an insertion of the weak interaction vertex, while the small solid circles
denote a strong interaction vertex ∝ gpi. Diagram (a) is a vertex correction, while diagrams (b)
and (c) correspond to wavefunction renormalization.
cγµ(1− γ5)b→ −ξ(w) Tr
[
H
(c)
v′ γ
µ(1− γ5)H(b)v
]
, (16)
where ξ(w) is the Isgur-Wise function, and we have retained the flavor labels on the H fields.
The lowest order heavy-quark-spin-symmetry breaking operator in the heavy quark chiral
Lagrangian is dimension three due to the chromomagnetic moment interactions of the charm
quark with the light degrees of freedom, ∼ c σµνGµνc/mc (we neglect the contribution from
the b-quark chromomagnetic interactions, i.e. mb ≫ mc). This interaction gives rise to a
mass-splitting between the D∗ and D at order 1/mc in the heavy meson chiral Lagrangian,
which after performing the Dirac trace, is
δL(c) = ∆(c)D∗†α D∗α . (17)
As this is the lowest dimension operator that breaks the heavy quark symmetries, it provides
the dominant long-distance contribution to the 1/m2c corrections to the matrix elements in
eq. (15) [19]. Randall and Wise [19] found a contribution of the form
(
∆(c)
)2
log (m2pi/Λ
2)+...
at w = 1 from the pion loop-diagrams shown in fig. 1. In order to exactly compensate the
renormalization scale dependence, Λ, the 1/m2c operators that are independent of mq will
combine together to give a mq-independent contribution X+(Λ) at w = 1 for the B → D
decay and XA(Λ) at w = 1 for the B → D∗ decay. The form factors at zero-recoil are
modified at O (1/m2c) by the one-loop diagrams in fig. 1 to become
h
(Bq)PQ
+ (1) = 1 + X+(Λ) +
g2pi
16π2f 2
[
3Fjq − 1
3
Fqq − 1
3
(
m2qq −m2jj
)
Rqq
]
h
(Bj)PQ
+ (1) = 1 + X+(Λ) +
g2pi
6π2f 2
Fjj
h
(Bq)PQ
A1
(1) = 1 + XA(Λ) +
g2pi
48π2f 2
[
3F jq − 1
3
F qq − 1
3
(
m2qq −m2jj
)
Rqq
]
h
(Bj)PQ
A1
(1) = 1 + XA(Λ) +
g2pi
18π2f 2
F jj , (18)
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where we have used the shorthand Fab = F (mab,∆
(c),Λ), F ab = F (mab,−∆(c),Λ), Rab =
R(mab,∆
(c),Λ) and Rab = R(mab,−∆(c),Λ). The expressions in eq. (18) are true for
q = u, d, s. The loop functions F and R are
F (m, δ,Λ) = δ2 log
(
m2
Λ2
)
− 2(2m2 − δ2) − δ
√
δ2 −m2 log
(
δ −√δ2 −m2 + iǫ
δ +
√
δ2 −m2 + iǫ
)
+
2m2
δ
(
πm−
√
δ2 −m2 log
(
δ −√δ2 −m2 + iǫ
δ +
√
δ2 −m2 + iǫ
))
→ δ2 log
(
m2
Λ2
)
+ O
(
δ3
)
R(m, δ,Λ) =
3πm
δ
− 6 − 3(δ
2 − 2m2)
2δ
√
δ2 −m2 log
(
δ −√δ2 −m2 + iǫ
δ +
√
δ2 −m2 + iǫ
)
→ δ
2
m2
+ O
(
δ3
)
. (19)
It is interesting to note that in the ∆(c) ≪ mqq limit, there is a contribution to the h(Bq)PQi (1)
of the form (m2qq −m2jj)/m2qq. This is analogous to the enhanced chiral logarithms found by
Sharpe [5] that contribute to the light meson masses and decay constants. Once lattice sim-
ulations have determined X+(Λ) and XA(Λ), they can be inserted into the QCD expressions
for h+(1) and hA1(1) for Bu,d,s to obtain the zero-recoil matrix elements in QCD,
h
(Bu)
+ (1) = 1 + X+(Λ) +
g2pi
16π2f 2
[
3
2
Fpi + FK +
1
6
Fη
]
h
(Bs)
+ (1) = 1 + X+(Λ) +
g2pi
16π2f 2
[
2FK +
2
3
Fη
]
h
(Bu)
A1
(1) = 1 + XA(Λ) +
g2pi
48π2f 2
[
3
2
F pi + FK +
1
6
F η
]
h
(Bs)
A1
(1) = 1 + XA(Λ) +
g2pi
48π2f 2
[
2FK +
2
3
F η
]
, (20)
where we have used FY = F (mY ,∆
(c),Λ) and F Y = F (mY ,−∆(c),Λ). Keeping only the
contribution from pion-loops and counterterms we recover the results of Ref. [19].
V. CHIRAL CORRECTIONS TO THE B → D ISGUR-WISE FUNCTION
While the Isgur-Wise function ξ(w) in eq. (16) is normalized to unity at zero recoil, ξ(1) =
1, away from zero recoil its value depends upon the light quark masses. In QCD the leading
non-analytic contributions to the Isgur-Wise function forBu,d decays, ξBu,d(w), and the Isgur-
Wise function for Bs decays, ξBs(w), of the form mq logmq have been computed [22,23]. In
addition, the contributions of this form arising in quenched QCD (QQCD) have also been
computed [24]. In the heavy quark limit, matrix elements of the operator cγµ(1 − γ5)b
between B and D(∗) states are reproduced, up to O(mq), by
7
cγµ(1− γ5)b→ −ξ(w) Tr
[
H
(c)
v′ γ
µ(1− γ5)H(b)v
]
− η1(w,Λ)Tr
[
H
(c)
v′ γ
µ(1− γ5)H(b)v M+
]
− η2(w,Λ) str [ M+ ] Tr
[
H
(c)
v′ γ
µ(1− γ5)H(b)v
]
, (21)
where we use notation similar to Ref. [23] for the higher order counterterms, η1,2, and it
is understood that flavor indices are super-traced over. In addition heavy quark symmetry
requires that η1,2(1,Λ) = 0 The one-loop diagrams shown in fig. 1 and the contributions
from eq. (21) give Isgur-Wise functions in QCD at O (mq)
ξBu,d(w) = ξ(w)
[
1 +
g2pi
8π2f 2
[ r(w)− 1 ]
[
3
2
m2pi log
m2pi
Λ2
+m2K log
m2K
Λ2
+
1
6
m2η log
m2η
Λ2
] ]
+ η
(R)
1 (w,Λ) m + η
(R)
2 (w,Λ) ( 2m + ms )
ξBs(w) = ξ(w)
[
1 +
g2pi
8π2f 2
[ r(w)− 1 ]
[
2m2K log
m2K
Λ2
+
2
3
m2η log
m2η
Λ2
] ]
+ η
(R)
1 (w,Λ) ms + η
(R)
2 (w,Λ) ( 2m + ms ) , (22)
where the w-dependent function is [22,23]
r(w) =
1√
w2 − 1 log
[
w +
√
w2 − 1
]
. (23)
η
(R)
1,2 are renormalized constants with η
(R)
1,2 (1,Λ) = 0.
In PQχPT, the Isgur-Wise functions for mesons composed of a b-quark and an anti-
valence quark, bu, bd, or bs, at one-loop order and in the limit of isospin symmetry, are
ξPQBq (w) = ξ(w)
[
1 +
g2pi
8π2f 2
[ r(w)− 1 ]
[
3m2jq log
m2jq
Λ2
− 1
3
(2m2qq −m2jj) log
m2qq
Λ2
] ]
+ η
(R)
1 (w,Λ) mq + 3 η
(R)
2 (w,Λ) mj , (24)
where q = u, d, s. The Isgur-Wise function for mesons comprised of a b-quark and an anti-sea
quark, j, is
ξPQBj (w) = ξ(w)
[
1 +
g2pi
3π2f 2
[ r(w)− 1 ]m2jj log
m2jj
Λ2
]
+
(
η
(R)
1 (w,Λ) + 3η
(R)
2 (w,Λ)
)
mj . (25)
As required, the expression in eq. (22) reduces to the expression in eq. (25) whenmpi = mK =
mη = mjj and mu,d,s = mj . By determining ξ
PQ
Bq
(w) and ξPQBj (w) in lattice simulations and
fitting the quantities ξ(w) and η1,2(w,Λ), one can then use the QCD expressions for ξBu,d,s(w)
in eq. (22) to perform the extrapolation in mq.
VI. RADIATIVE TRANSITIONS: D∗ → Dγ
The widths of the radiative decays D∗ → Dγ are relatively well measured. These decays
are quite interesting as they have allowed for a determination of the axial coupling constant
gpi, in combination with the leading order magnetic transition moment counterterm [12,13].
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The value for gpi that has been extracted from these decays is significantly smaller [12,13]
than the value expected in the naive quark model.
The width for radiative decays is given in terms of a total radiative matrix element µa,
Γ(D∗a → Daγ) =
α
3
|µa|2 |kγ|3 , (26)
where the subscript “a” denotes the flavor of the D(∗) meson. At leading order there are
contributions that are independent of the light quark masses arising from the coupling of
the photon to the light degrees of freedom, and to the heavy quark. At next to leading
order there is a contribution of the form
√
mq resulting from the one-loop diagrams shown
in fig. 2. In the heavy quark limit, the transition moments in QCD are
D* D
FIG. 2. One-loop diagrams that contribute to the radiative transitions D∗ → Dγ. The solid
lines denote mesons containing a heavy quark, the dashed lines denote light mesons and the small
solid-circle denotes a strong interaction ∝ gpi.
µu =
2
3mc
+
2
3
β − g
2
pimK
4πf 2
− g
2
pimpi
4πf 2
µd =
2
3mc
− 1
3
β +
g2pimpi
4πf 2
µs =
2
3mc
− 1
3
β +
g2pimK
4πf 2
, (27)
where β is the mq-independent counterterm contribution from the light degrees of freedom.
In PQQCD the calculations are analogous to those of QCD, and one finds that
µPQu =
2
3mc
+
2
3
β − g
2
pimju
2πf 2
µPQd =
2
3mc
− 1
3
β +
g2pimju
4πf 2
µPQs =
2
3mc
− 1
3
β +
g2pimjs
4πf 2
µPQj =
2
3mc
+
2
3
β − g
2
pimjj
2πf 2
, (28)
where the coefficient β is the same in QCD and PQQCD. A fit to lattice calculations of
these matrix elements will provide a determination of β, and consequently an estimate of
the radiative matrix elements for the physical values of mq.
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VII. MATRIX ELEMENTS OF ISOVECTOR TWIST-2 OPERATORS
Recently, it has been realized that the chiral corrections to the matrix elements of isovec-
tor twist-2 operators in the nucleon and octet-baryons can be computed in chiral pertur-
bation theory [25–29]. Such corrections systematically incorporate the long-distance strong
interaction contributions to the moments of the parton distributions. While it is not possi-
ble to perform deep-inelastic-scattering (DIS) from hadrons containing heavy quarks, it is
possible to consider the parton distributions of heavy hadrons from a theoretical standpoint,
and further it is likely that lattice studies of these distributions will be significantly easier
than analogous studies in nucleons.
In QCD the twist-2 isovector operators have the form
O(n),aµ1µ2 ...µn =
1
n!
q λa γ{µ1
(
i
↔
Dµ2
)
...
(
i
↔
Dµn}
)
q − traces , (29)
where the {...} denotes symmetrization on all Lorentz indices, and λa are SU(3) Gell-Mann
matrices. In PQQCD the operator has an analogous form,
O(n),aµ1µ2 ...µn =
1
n!
Q λ
a
γ{µ1
(
i
↔
Dµ2
)
...
(
i
↔
Dµn}
)
Q − traces , (30)
where λ
a
is a super Gell-Mann matrix. As an example, the λ
3
matrix has entries
diag(1,−1, 0, 1,−1, 0, 1,−1, 0). Forward matrix elements of O(n),3µ1µ2 ...µn between heavy meson
states are reproduced up to O(mq) by forward matrix elements of
O(n),3µ1µ2 ...µn → −
1
2
vµ1vµ2 ...vµn
[
t(n)Tr
[
HvHvλ
3
ξ+
]
+ s
(n)
1 (Λ)Tr
[
HvHvM+λ3ξ+
]
+ s
(n)
2 (Λ)Tr
[
HvHvλ
3
ξ+M+
]
+ s
(n)
3 (Λ)Tr
[
HvHvλ
3
ξ+
]
str [ M+ ]
]
, (31)
where λ
3
ξ+ =
1
2
(
ξ†λ
3
ξ + ξλ
3
ξ†
)
, and it is understood that flavor indices are super-traced
over. At O (mq) in the chiral expansion the forward matrix elements receive contributions
from the operators in eq. (31) and the one-loop diagrams shown in fig. 3,
〈Bu|O(n),3µ1µ2 ...µn|Bu〉PQ = vµ1vµ2 ...vµn
[
t(n)
(
1− 3(1 + 3g
2
pi)
16π2f 2
m2ju log
m2ju
Λ2
)
+
(
s
(R)(n)
1 (Λ) + s
(R)(n)
2 (Λ)
)
m + 3s
(R)(n)
3 (Λ) mj
]
〈Bj|O(n),3µ1µ2 ...µn|Bj〉PQ = vµ1vµ2 ...vµn
[
t(n)
(
1− 3(1 + 3g
2
pi)
16π2f 2
m2jj log
m2jj
Λ2
)
+
(
s
(R)(n)
1 (Λ) + s
(R)(n)
2 (Λ) + 3s
(R)(n)
3 (Λ)
)
mj
]
, (32)
for n = odd and n > 1. In the loop calculations we have only retained the non-analytic
contributions, and the s
(R)(n)
i are renormalized counterterms. For n = 1 the matrix element
is absolutely normalized since O(1),3µ1 is the isovector charge operator. Matrix elements in the
other meson states can be found straightforwardly from those in eq. (32). From PQQCD
lattice simulations one envisages that the constants t(N), s
(R)(n)
3 (Λ) and the combination
s
(R)(n)
1 (Λ) + s
(R)(n)
2 (Λ) can be individually determined and then inserted into the analogous
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(a) (b)
(c) (d)
(e)
B B B B
B B B B
B B
FIG. 3. One-loop diagrams that contribute to the matrix elements of the isovector twist-2 oper-
ators in mesons containing a heavy quark. The solid lines denote mesons containing a heavy quark,
while the dashed lines denote light mesons. The crossed-circle denotes an insertion of O(n),aµ1µ2 ...µn
while the small solid-circle denotes a strong interaction ∝ gpi.
expressions in QCD to determine the moments of combinations of parton distributions in
heavy mesons. In QCD I find the matrix element between Bu states to be
〈Bu|O(n),3µ1µ2 ...µn|Bu〉 = vµ1vµ2 ...vµn
[
t(n)
(
1− (1 + 3g
2
pi)
16π2f 2
(
2m2pi log
m2pi
Λ2
+ m2K log
m2K
Λ2
) )
+
(
s
(R)(n)
1 (Λ) + s
(R)(n)
2 (Λ) + 2s
(R)(n)
3 (Λ)
)
m + s
(R)(n)
3 (Λ) ms
]
. (33)
VIII. CONCLUSIONS
In this work I have computed several observables in mesons containing heavy quarks at
one-loop level in partially quenched heavy quark chiral perturbation theory and in ordinary
heavy quark chiral perturbation theory. In order to determine these observables from nu-
merical lattice QCD simulations, an extrapolation in the quark masses from those that can
be simulated on the lattice down to their physical values is required. The recent progress in
understanding partially quenched QCD has provided an efficient pathway to perform such
extrapolations. The counterterms that contribute to partially quenched observables are
the same as those that contribute to the analogous QCD observables, and hence partially
quenched simulations along with the light-quark mass dependence about the chiral limit are
sufficient to recover the QCD prediction to some order in the chiral expansion.
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11
the heavy flavors workshop that was held in Aspen during August and September of 2001.
This work is supported in part by the U.S. Dept. of Energy under Grants No. DE-FG03-
97ER4014.
12
REFERENCES
[1] N. Isgur and M. B. Wise, Phys. Lett. B232, 113 (1989); 237, 527 (1990).
[2] B. Grinstein, Nucl. Phys. B339, 253 (1990); E. Eichten and B. Hill, Phys. Lett. B234,
511 (1990); H. Georgi, Phys. Lett. B240, 447 (1990).
[3] C. W. Bernard and M. F. L. Golterman, Phys. Rev. D49, 486 (1994).
[4] S. R. Sharpe and Y. Zhang, Phys. Rev. D53, 5125 (1996).
[5] S. R. Sharpe, Phys. Rev. D56, 7052 (1997); D62, 099901 (2000).
[6] M. F. L. Golterman and K.-C. Leung, Phys. Rev. D57, 5703 (1998).
[7] S. R. Sharpe and N. Shoresh, Nucl. Phys. Proc. Suppl. 83, 968 (2000).
[8] S. R. Sharpe and N. Shoresh, Phys. Rev. D62, 094503 (2000).
[9] S. R. Sharpe and N. Shoresh, hep-lat/0108003.
[10] M. B. Wise, Phys. Rev. D45, 2188 (1992).
[11] G. Burdman and J. F. Donoghue, Phys. Lett. B280, 287 (1992).
[12] J. F. Amundsen, C. G. Boyd, E. Jenkins, M. E. Luke, A. V. Manohar, J. L. Rosner, M.
J. Savage and M. B. Wise, Phys. Lett. B296, 415 (1992).
[13] I. Stewart, Nucl. Phys. B529, 62 (1998).
[14] G. M. de Divitiis, L. Del Debbio, M. Di Pierro, J. M. Flynn, C. Michael and J. Peisa,
(UKQCD Collaboration), JHEP 9810, 010 (1998).
[15] G. M. de Divitiis, L. Del Debbio, M. Di Pierro, J. M. Flynn and C. Michael (UKQCD
Collaboration), Nucl. Phys. Proc. Suppl. 83, 277 (2000).
[16] Heavy Quark Physics, by A. V. Manohar and M. B. Wise, Cambridge Monographs on
Particle, Nuclear Physics and Cosmology, Cambridge University Press (2000). ISBN 0
521 64241 8.
[17] B. Grinstein, E. Jenkins, A. V. Manohar, M. J. Savage and M. B. Wise, Nucl. Phys.
380, 369 (1992).
[18] M. E. Luke, Phys. Lett. B252, 447 (1990).
[19] L. Randall and M. B. Wise, Phys. Lett. B303, 135 (1993).
[20] J. N. Simone, S. Hashimoto, A. X. El-Khadra, A. S. Kronfeld, P. B. Mackenzie and S.
M. Ryan, Nucl. Phys. Proc. Suppl. 83, 334 (2000); Phys. Rev. D61, 014502 (2000).
[21] G. N. Lacagnina et al (UKQCD Collaboration), hep-lat/0109006.
[22] E. Jenkins and M. J. Savage, Phys. Lett. B281, 331 (1992).
[23] J. Goity, Phys. Rev. D46, 3929 (1992).
[24] M. J. Booth Phys. Rev. D51, 2338 (1995).
[25] J. -W. Chen and X. Ji, hep-ph//0105197.
[26] D. Arndt and M. J. Savage, nucl-th/0105045.
[27] J. -W. Chen and M. J. Savage, nucl-th/0108042.
[28] J. -W. Chen and X. Ji hep-ph/0107158.
[29] J. -W. Chen and X. Ji hep-ph/0105296.
13
